We study the dynamical Casimir effect in an electromagnetic cavity containing a Kerr medium. Using justified approximations, a closed analytical expression for the time evolution and number operators were obtained. We found that the generation of photons from quantum vacuum is strongly affected by the presence of the Kerr medium, sharing physical features with the case of two two-level atoms in a cavity with oscillating walls. Our analytical results are in good agreement with exact numerical calculations for times shorter than the revival time. PACS number(s): 42.50. Pq, 42.50.Ct, 42.50.Hz 
I. INTRODUCTION
Forty five years ago it was predicted that in a onedimensional electromagnetic cavity made with perfectly conducting plane mirrors, one of which oscillates rapidly, the generation of real photons from vacuum is possible [1] . This phenomenon is known today as the dynamical Casimir effect (DCE) and it is considered as a direct proof of the existence of quantum vacuum fluctuations of the electromagnetic field [2] . Since then, a wide variety of theoretical works about the DCE have been done [3] . For example, the generation and detection of vacuum photons has been studied in three-dimensional cavities [4] and in time-dependent dielectric media [5] . However, experimental realization of the effect has only been achieved recently [6] through the architecture of superconducting quantum circuits where the effective length of the cavity (resonator) is rapidly modulated. Applications of the DCE as a means to create highly entangled states using quantum circuits have been proposed in [7] .
Another well known non-linear quantum optical phenomenon is the Kerr effect [8] , in which, the refraction index of a material is proportional to the light intensity [9] . It is usually used to generate non-classical states of light [10] . A typical situation is when a coherent state passes trough a non-linear Kerr medium and evolves into a macroscopically distinguishable quantum superposition of two coherent states, known as a Schrödinger cat state [11] . Experimental realization at the level of singlephoton Kerr effect in three dimensional quantum circuits architecture has been obtained recently in [12] .
The motivation of the present work is to study the DCE and the Kerr effect at the same time. How is the generation of vacuum photons modified due to the presence of a non-linear Kerr medium? This is an interesting question which lies at the heart of this paper. In order to gain some physical insight around this question we have structured the paper as follows: * ancheyta6@gmail.com † carlosgg04@gmail.com
In section II we review the theory related to the DCE and the Kerr effect separately with some very well known results. In section III a Hamiltonian representing both effects is proposed and through a series of approximations the time evolution operator of the system is obtained. In section IV the number operator is transformed to the Heisenberg picture and the average number of photons from the vacuum is obtained. Finally, in section V we give our conclusions.
II. THEORY
The simplest effective Hamiltonian that describes the DCE in absence of dissipation is given by (we assume = 1) [4, [13] [14] [15] ]
where a, a † are the usual bosonic field operators and ω(t) is the time-dependent instantaneous frequency of the cavity. The above Hamiltonian represents a single resonant electromagnetic field mode within the cavity with perfectly conducting plane mirrors. One of the mirrors is fixed while the other is slightly oscillating with small amplitude. This oscillation frequency is twice the selected cavity mode (ω 0 when the cavity has a length L 0 ) and the explicit temporal dependence in the frequency is ω(t) = ω 0 [1 + sin(2ω 0 t)] [14] . Here, is the modulation amplitude and 2ω 0 the modulation frequency. If the mirror does not oscillate with a frequency close to 2ω 0 , an infinite sum of interaction terms appear on H c between other field modes. Although this system is complicated, the equations of motion can still be solved [5] .
A. Empty cavity
In the context of DCE the Eq. (1) is known as the empty cavity Hamiltonian, and it was showed that the generation of photons from the quantum vacuum grows exponentially in time [4] . In order to see that, we noted that for 1, one can write ω(t) ≈ ω 0 since the influence of the modulation is only relevant arXiv:1504.06379v1 [quant-ph] 24 Apr 2015 for the squeezing coefficient [16] . In this way χ(t) ≈ ( ω 0 /2) cos(2ω 0 t) and therefore we can obtain H c ≈ ω 0 a † a + (i ω 0 /2) cos(2ω 0 t)(a †2 − a 2 ). If we move to a reference frame generated by the unitary transformation
). In the former, the last two terms oscillate very rapidly and it is possible to make use of the rotating wave approximation (RWA) and obtain a time-independent Hamiltonian:
2 )], which we can identify as the squeezing operator with r= ω 0 t/2 being the squeezing parameter. The evolution operator generates the following transformation in the field operators: a † (t) = a † cosh(r) + a sinh(r) and a(t) = a † sinh(r) + a cosh(r). We can now compute the average number of photons at an arbitrary time as
For ω 0 t > 1 we can see the known exponential growing in the generation of vacuum photons [5] . This growing is a purely quantum manifestation of parametric amplification of vacuum fluctuations.
B. Non-linear Kerr medium
In Ref. [12] the authors present the experimental realization of macroscopically distinguishable superpositions of coherent states using the Kerr Hamiltonian [10, 17] :
The parameter K is the Kerr frequency shift per photon and it is proportional to the third-order non-linear susceptibility χ (3) [8] . One can show that the revival time for the Hamiltonian H K is given by T K = 2π/K [11] . The corresponding evolution operator is
and for half of the revival time it is easy to obtain
This quantum state can be identified, except for a phase factor as a Yurke-Stoler state [10] , namely, a cat state. Furthermore, the operator U K generates the following transformation for the field operators:
iKt(a † a) and
It should be noted that the expectation value for the photon number operator will remain unchanged under the action of the Kerr Hamiltonian.
III. CAVITY WITH KERR MEDIUM
Motivated by recent experiments about the DCE [6] and the Kerr effect [12] in superconducting quantum circuits, we studied both effects simultaneously. Our proposal is based in a Hamiltonian consisting of two parts: the first one represents a resonant mode of the electromagnetic field within a cavity with oscillating walls and the second one represent a Kerr medium filling the cavity. The Hamiltonian is thus:
A similar Hamiltonian has been proposed recently in [18] , where time-dependent Kerr non-linearities were used. It must be emphasised that the system represented by Eq. (4) is different from the system consisting of a onemode electromagnetic field interacting with a movable mirror through the radiation pressure [19] (optomechanical system). There, the degrees of freedom of the mirror are treated quantum mechanically, reducing the problem to a system of two coupled quantum oscillators. For completeness and illustration, the Hamiltonian describing such interaction is [20] 
where ν (ω) is the mirror (field) oscillation frequency and b, b † (a, a † ) being the corresponding annihilation and cre-
, with L the cavity length and m the mass of the movable mirror. Notice that in this system the frequencies ν and ω differ by many orders of magnitude. The presence of the term (a † a) 2 in the corresponding time evolution operator U f −m can lead to the generation of non-classical states of light [21] . A confusion between the Hamiltonians (4) and (5) could arise, and one might think they describe the same dynamics. In the optomechanical system the squeezing term does not exist and the Kerr medium is only induced, making not possible to study the DCE.
Returning to Eq. (4), we see that the Hamiltonian is timedependent and the operators do not commute with each other. This set of operators do not generate a Lie algebra and thus finding an exact solution for the Schrödinger equation could be a real challenge. The system shows high algebraic complexity. In order to solve it and obtain easy to handle expressions, we will apply the approximations used before to get H I c . Following the same procedure one can obtain a time-independent Hamiltonian H = (i ω 0 /4)(a †2 − a 2 ) + Ka †2 a 2 /2. The corresponding time evolution operator is U H = exp (−iHt). However, this expression is not convenient because we cannot writte it in a product form. Moreover, if we are looking for O(t) = U † H OU H , being O any physical observable it would be very complicated to carry this transformation out. Ideally, one would wish to obtain a time evolution operator written as a product of exponentials. To do this, we need to move to the interaction picture representation generated by the unitary transformation U 2 = exp −iKt(a † a) 2 /2 which yields
where the identity aF (a † a) = F (a † a + 1)a was used with F (a † a) being an arbitrary function of the number operator a † a. Here, the operators present in the Hamiltonian are renamed in the following manner:
If we define the function f (t) = ige i2Kt with g = ω 0 /2, we can rewrite the Hamiltonian as
Notice that the term K/4 commutes with all the other elements and it will only generate a global phase e −iKt/4 in the dynamics. The remaining operators satisfy the commutation relations:
The Hamiltonain now is formed by a set of operators which generate the su(1, 1) Lie algebra [22] . One could now naively think in making use of the Wei-Norman theorem [23] ; which allows us to write the time evolution operator as a product of exponentials. To be able to use such a theorem, the algebra generators must be timeindependent. From Eq. (7) we clearly see their explicit time dependence, therefore, we cannot use it. However, for an infinitesimally short interval of time from t to t+δt, the evolution operator is [11] 
with the complex time-dependent functions g n (t) to be determined. For a finite interval of time, say from 0 to T , the time evolution operator can be written as
T is the usual time ordering operator and t l = lδt. Notice that for each time t l , the evolution operator factorizes as a product of exponentials. Without the exponential term of the number operator we would have the squeezing operator, but this is not the case. This suggests a modified squeezing operator. As such, the total evolution operator takes the form
It turns out that our problem has now become finding an efficient way to calculate U H I , applying it to an initial state and transforming the physical observables. Such a problem is still too complicated and we will require the help of another approximation to obtain closed analytical solutions in order to compare them with the exact numerical results. The approximation consist in making e ±i2Kt(a † a) ≈ 1 in the interaction Hamiltonian, which holds for times shorter than the revival time t T K . The latter is generally much larger compared to the classical period [24] . On the other hand, the matrix elements m|e ±i2Kt(a † a) |n are rapidly oscillating terms for higher excitation numbers and we can neglect them. In this way, the operators in the interaction Hamiltonian become time-independent:
Before proceeding with the calculations, there are several comments we want to discuss. The information of the Kerr medium is still encoded in Eq. (10) due to the dependence on K in the function f (t). The algebraic structure ofH I is equal to that of a degenerate parametric amplifier [17] . It is time-dependent and does not commute with itself at different times, we cannot write it as UH I = exp(−i H I dt). Fortunately, it consists of a set of time-independent operators forming the same su(1, 1) Lie algebra. At this point we can apply the Wei-Norman theorem [23] and write the time evolution operator as a product of exponentials:
where the complex time-dependent functions satisfy the following set of coupled non-linear ordinary differential equations [22] 
The abovementioned equations are obtained using the time-dependent Schrödinger equation in the interaction representation. The equation for α(t) is the known Ricatti differential equation, which in this case has an exact analytical solution for the given initial conditions α(0)=β(0)=γ(0)=0. Therefore, functions β(t) and γ(t) can be easily obtained by direct integration:
where we have defined η = g 2 − (K/2) 2 . If K/2 > g the hyperbolic functions in Eq. (13) have to be replaced with their trigonometric counterparts and η →η = (K/2) 2 − g 2 . In this way, the approximated evolution operator for the total system is obtained:
. Explicit substitution of each product in terms of the field operators leads to:
Eq. (14) is one of the main results of this work, providing a closed analytical form for the time evolution operator of the system. Notice that U(t) is formed by a squeezing part, generated by the terms a †2 , a 2 and two other terms due to the linear a † a and non-linear (a † a) 2 evolution.
IV. GENERATION OF VACUUM PHOTONS
Our goal is to analyse how the photon generation from quantum vacuum is affected when a Kerr medium is present. For such a task we need the number operator, N = a † a in the Heisenberg representation:
where we have defined
. (16) Although the operator N (t) does not look Hermitian, actually it is, since it comes from a transformation given by the operator U(t) which is unitary by construction through the Wei-Norman theorem. Due to approximations, one could be tempted to doubt the Hermiticity of N (t). However, these transformations were performed on the Hamiltonian operator and they never compromise its hermiticity. In fact, direct substitution of α(t), β(t) and γ(t) yields to Φ 1 = Φ * 3 with Φ 2 , Φ 4 real functions. Having obtained the operator N (t), it is a simple matter to calculate the average number of photons N 0 = 0|N (t)|0 = Φ 4 :
From Eq. (17) we can identify two distinct behaviours: i) for K/2 < g, there is an exponential growth in the average number of vacuum photons. In fact, this formula is a generalization of Eq. (2). Obviously, both equations coincide when K = 0. ii) For K/2 > g the equation takes its trigonometric form and N 0 will have strong oscillations, being zero at times t = 2mπ/η with m a positive integer. In Fig. 1 we show N 0 as a function of time for the analytical (Eq. (17)) and the exact numerical calculation using the full Hamiltonian Eq. (4). We have used ω 0 = 1, = 0.1 and different relevant values of K. As a reference, the light-red line corresponds to the case when K = 0, showing the expected exponential growth according to Eq. (2). However, when K = 0 a rapid decrease in the vacuum photon number accompanied by sharp oscillations is observed, as predicted by Eq. (17) . Physically, these oscillations could be due to a saturation effect of the non-linear material [8] . The numerical solution also shows small oscillations absent in the analytical solution; these were eliminated by the RWA. The smallest revival time used was T 0.5 = 4π ≈ 12, which corresponds to the largest value of K used in the figure. The other revival times are obviously larger. Clearly, there is a good agreement between analytical and numerical calculations for times t T K . After this time, it is natural to see substantial differences. However, the general behaviour of the generated vacuum photons for arbitrary times is still similar as shown in Fig. 1 .
It should be mentioned that Eq. (17) has been recently obtained in Ref. [25] but in a different context. In that work, the authors consider the empty cavity Hamiltonian in Eq. (1) but considering a small shift κ 1 in te mirror oscillation frequency. Similar behaviours of N 0 are presented in [15] , in which two two-levels atoms (TLA) within a cavity with oscillating walls are used as photon detectors. We can relate those results with the ones presented here and infer that the two TLA might have features of an intensity-dependent refraction index. It is in analogy to the Jaynes-Cummings model, in which the state of the field, initially in a coherent state, evolves into distinguishable quantum superpositions like the ones generated by a Kerr medium [26] .
V. SUMMARY
We have studied the simplest form of a Hamiltonian that describes the DCE and Kerr effect simultaneously. An approximated time evolution operator for the whole system was obtained. The evolution operator could be written as a product of exponentials formed by three terms: squeezing, linear and non-linear evolution. A closed analytical expression for N 0 was found and compared with the exact numerical calculation showing good agreement for times shorter than the revival time. We found that the vacuum photon generation, which initially has an exponential growth, can exhibit a rapid decrease with strong oscillations due to the presence of the Kerr medium. This behaviour becomes steep when the parameter K increases. We have compared our results with previous works establishing a link between two different systems, finding an analogue behaviour in N 0 for a Kerr medium and two TLA within a cavity with oscillating walls [15] . Under the light of our results we can interpret that a system of two TLA can act as a non-linear medium with an intensity-dependent refraction index. For future work, it would be interesting to see the time evolution for the vacuum state in phase space representation, for instance, through the Wigner function. Perhaps it could lead to the formation of quantum superpositions coming from the quantum vacuum, a"vacuum cat state".
